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Let Z1, Z2 ∼ N (0, 1) be independent, and let X = aZ1 + bZ2 where a, b are scalars. We wish
to find the distribution of X.

We know that for independent X1, X2, if X = f(X1, X2) is invertible so that X2 = g(X1, X),
then:
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Now consider,
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We can now complete the square for the first two terms. The last term is independent of z1 so its
exponential will come out of the integral. Thus,
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Using this in Eq(2) we get:
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Let
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In the last step we used the fact that the integral is even. Also, we already know that:
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In the last integral in Eq(6), m = 0, n = 2, and β = 1/(2b2). Hence:
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This means that X = aZ1 + bZ2 is also normally distributed with mean 0 and variance a2 + b2.
We can use this to easily derive the density of independent general normal random variables. Let
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This is also a linear combination of standard normals with coefficients aσ1 and bσ2 shifted by
aµ1 + bµ2. Using the previous result, we finally have:
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We can now use the induction to generalize this to n indepedent normal random variables.
Thus, if X1, X2, · · · , Xn are independent with Xi ∼ N (µi, σ
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Two points are worth being remembered.

• When X1, X2, · · · , Xn are independent normal, then Xn is normal, because it is just a linear
combination of normals with same mean and variance, with each ci = 1/n.

• Second, the normal random variables X1, X2, · · · , Xn need not necessarily be independent,
but only have to be components of multivariate normal. We have not yet studied this topic yet,
but when independence holds, then these are trivially components of a multivariate normal
whose density is the product of their densities. Conversely, if every linear combination of
X1, X2, · · · , Xn is normal, then they form multivariate normal.
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